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Abstracl-The dynamic contact stresses between an axisymmetric projectile and an elastic half-space are obtamed
by solving three-dimensional equations of motion. These stresses are written as the sums of the Hertz contact
stresses and wave-effect integrals. In terms ofthe contact radius. the Hertz theory is shown to be a good approxima­
tion in determining total applied force. However. for calculating the maximum radial surface stress at the maximum
contact radius. the Hertz theory applies only when the contact time is longer than approximately 40llsec. The
discrepancy between the Hertz radial stress and the corresponding value obtained here is greater at the initial
stage of impact than at the middle of the contact time.

1. INTRODUCTION

WHEN a solid body impinges on the smooth surface ofa material, both the size of the contact
region and the values of the stresses around the region vary with respect to time. Trying to
account for the moving boundary conditions and the inertial effect of material particles
would appear to make a rigorous solution of the problem difficult. However, an approxi­
mate solution was obtained by Hertz when he assumed that the stresses and strains near the
contact region may be computed as though the contact was static [1]. The solution is
considered valid for moderate impact velocities.

In an earlier work [2], the fractures produced in glass blocks by the impact of steel balls
were studied by observing the fracture stress waves and varying the impact velocity. At
highest velocities of impact, the recorded stress waves showed that fractures occurred only
a few microseconds after the glass blocks were first compressed. At the instant of fracture,
the rate of increase in dynamic loading and the contact area was large, phenomena which
raise questions about the validity of the Hertz impact theory for determining stresses at
that state of loading.

Tsai [3J recently studied the contact stress distribution in an elastic plate of finite thick­
ness subjected to the indentations of spherical indenters on the upper and lower surfaces
of the plate. The ratio of the maximum tensile stress in the plate to the corresponding half­
space value was shown to approach unity for thick plates, but to increase with decreasing
plate thickness. This magnification ofthe maximum tensile stress in thin plates was demon­
strated experimentally [4]. In considering the associated dynamic problems, questions
again arise about the conditions under which the results obtained by Tsai can be extended
to the dynamic case as Hertz did in his impact theory.

In the work described here. the dynamic contact stresses between an axisymmetric
projectile and an elastic half-space are studied by solving the three-dimensional equations
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of motion. These stresses are written as the sum of the Hertz contact stresses and the
effect of stress waves. To study the validity of the conventional impact theory. the stresses
determined here are compared with those predicted by the Hertz theory in terms of contact
time and contact radius.

2. DYNAMIC CONTACT STRESS

Consider an elastic half-space subjected to the impact of a rigid, axisymmetric pro­
jectile. Assume that during impact the axis of symmetry of the projectile is perpendicular
to the free surface. The problem is now axisymmetric, and the response of a half-space to
dynamic surface loadings can be studied by Hankel transforms [2,5,6]. For the problem
considered here, it is assumed that the shear stress vanishes on the free surface and that
during impact the normal contact stress between the projectile and the half-space, p(r, t).

is a function of radial distance r and time t. In fact, p(r, t) can be determined as the solution
to an integral equation. During impact, the contact area between the projectile and the
half-space a(t) generally varies with time. Thus the problem has moving boundary condi­
tions with a finite loading area. To solve the problem, Hankel transforms are first applied
over r, and Laplace transforms are operated over t. From the results obtained by Tsai [5],
it can be induced that on the free surface, Z = 0, the Laplace transform of the vertical dis­
placement is

where
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The Laplace inversion of (1) can be obtained by considering F*(s, p) as the transform of
f(s, t). To obtain the inversion of (3), let p = se 2( and cut the complex (-plane as shown in
Fig. 1. The inversion of (3) is
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Around the origin ( = 0, (7) has the expansion

g«() = -11(2 +O(e).
-v

(8)

Therefore, the integrand of (5) has a simple pole at ( = 0. In addition g(O has poles at
( = ± i(I/}') which give the Rayleigh wave speed. The value of }' depends on Poisson's
ratio v. Integration of (5) along the contour in Fig. 1 gives

f(s, t) = c2 [(I- v)H(t) + L cos(c21]st)],

where H(t) is the Heaveside function, and the operator is

2(1-1/}'2k2yt (c2st)
L cos(c21]st) = '( ) cos -

yg }' Y

_~Jk (1-1]2/k2)(1]2-1)!1]cos(c2S1]t) d
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2i<>O [(I]2/P)-ll1-1]cos(c2s"t) d
-~ k (2-1]2)2 +4{[(1]2/k2)-I](1]2-l)}-! '1

(9)
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The first term in (9) is the contribution of the pole at ~ = 0 In (10) the tirst term IS the
contribution of the poles at ~ = ± i( 1Ii'): the other terms result from the branch cuts. The
expression and intervals of integration in (10) are similar to those obtained in Refs. [5. 7. 1'\:
for vertical displacements. If equation (I) is divided by k2 • the inversion of that gl\es

ru:(r. r) dr = - I - v J" J,)(sr) J" pis. r) dr ds
• I) J1 (l I)

1 ' , 'r

---L / In(sr) I cOS[C 2
'
7s(t-r)]p(s.r)drds.

Ji 0 n • n
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Equation (12) is now suitable for determining the dynamic contact stress plr. n. To tind
p(r. t). assume the vertical displacement produced by the projectile inside the contad area
can be described by g(r. t), i.e. u:(r. t) = gIro t) for I' ::::; a(t) at: = () For projectiles of simpk
geometry. giro t) can generally be determined. Equation (12) now becomes an integral
equation with t"Je unknown plr. t). When inverting (12), the orders of integration or differen­
tiation are important in order to avoid unmanageable singularities. Applying some integral
identities [3. 9. 10] to 112) gives

where

and

I - \' r' rain . . HV - r). I.
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On the right side of (13 l. the first integral is similar to the corresponding term obtained in
the static case while the second integral. i.e. (14). is due to wave effects which obviously d~)

not occur in static problems. The domain of influence of stress waves which is the integra­
tion region of (14) is shown by the hatched portion in Fig. 2. The hatched area applies to
the first term in (14) while the second term is integrated only over the cross-hatched region.
For future convenience. the dot and prime will indicate differentiations with respect t,)



Dynamic contact stresses produced by the impact of an axisymmetrical projectile 547

A=r

FIG. 2. Regions of integrations.

time and space respectively. The following wave functions are defined:

{i. 2 - [r- b(t - rW}t'

1
Gz = -;-:-.-------::-:-----~

(i.z - [b(t - r)- rfi t '

1
G3 =

~i.z - [b(t- r)+rfJ-l-'
(15)

Integrating over the hatched region in Fig, 2 and assuming the normal stress vanishes on
the boundary of the contact area, i,e. p[a(t), t] = 0, (14) gives

cW(r, t) {fau) c [f' ,• = L ~ G1p(J., r) dr
ct r ut ,-rib

+ f,-rlb GZP(i.,r)dr+f' G3p(i.,r)dr]i,di.
'-I(i.+r)/bj ,-[(,<-r)/bj

f
r C [f'-[lr-;.l/bJ f,-rib ] }

+ -::;- . G1p(i-, r) dr + GZp(A, r) dr i, di,. (16)
oct I-rib '-[(i.+r)/bj·
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To invert (13), the following integration by parts on (16) is required:
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Equation (20) can be used to determine the normal contact stress ptr. t) while (21) relates
the distance of approach g(O, t) to the radius of the contact region a(t), The terms involving
W(e, t) in (20) and (21) represent stress wave effects. If these terms are dropped, (20) and (21)
reduce to the corresponding static equations, By integration by parts over z, differentiation
with respect to t and finally changing the orders of integration. (16) can be simplified as

()W(r.t)

r
'-,·b ~a(T}

+ J GZp(A, ,Ii. die dr
flo' [) bit -f)-r
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where

a(t7)-r
t 2 = t - ---'-=:-h-

(23)

(24)

(25)

Equations (20) and (21) are sufficient to solve the static contact problem [3.9]. However,
for the dynamic problem considered here, an additional equation relating projectile mass to
reaction of the half-space·is required. Thus from Newton's law

(a(1)

mg(O, t) = - P(t) = - 2n J0 p(r, t)r dr.

The system of the three integral-differential equations (20), (21) and (25) is now sufficient to
determine the dynamic unknowns p(r, t), a(t) and g(O, t). The problem is well defined. How­
ever, the solution for a particular problem depends on the function g(r, t), which is
associated with the shape of a projectile.

The solution for the impact of a spherical body with radius R or a projectile with
round end of radius R will now be discussed in detail. For these projectiles, the shape of
penetration can be written as [3, 9J

(26)

where g(O, t) = a(t) is the distance of approach occurring at the center of the contact region.
The three coupled equations (20), (21) and (25) will now be-studied by successive approxima­
tions. Substituting (26) into (20) and (21) and dropping the wave-effect functions, the first
approximation solutions are

and

p(r, t) =

a(t)2
a(t) = R'

(27)

(28)

(29)

(30)

Although a and a are functions of time, (27) and (28) are precisely the results obtained in
static half-space contact problems [3, 9]. Integrating (27) over r gives the total force

P(t) = - 3R(8(_ v) a(t)3.

In terms 0£(26) and (29), equation (25) can be integrated to obtain the relationship between
a and t. It was shown [11, 12J that a(t) can be approximated by a(t) = 0·995al sin(mjT),
where a l is the maximum distance of approach and T is the duration of contact. In terms
of a(t) and (28), the radius of contact is

. (m)a(t) = (0·995)!a t SIll t T '
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p(r. t) =

where the maximum radius of contact in terms of the impact velocny ~ h

Equations (27H31) are predicted in the Hertz theory [1 J.
To find the second approximation for p(r, t), (27) is substituted into (20) and (22). AI] the

integrations over Ain (22) result in n/2. Therefore. (20) and (22) give

4,u {-' , L- - la-(t)-r-r
(l-v)nR -

__~_LJ'U\el .__1__ [U(tj)(i(~1~_:I(t2)(i(t2)]del.
2(l-v) r (~2_rZ)t b+a(tj) b+a(tz) oJ

Without solving (32) explicitly, some general results can be obtained. The quantities III the
second bracket of (32) which are defined in (23) and (24) depend on wave speeds and the
value and rate of increase of the contact area. The values of £lIt) and aU) are functions of
Rand T which in turn depend on V The larger the impact velocity V: the shorter the
contact time T. For moderate impact velocity, Tis large and the time needed for waves to
traverse the contact area is very short compared to T. For this case, it can be seen from
Fig. 2 that the values for t, t 1 and t 2 are very near each other. Therefore, the value inside
the second bracket of (32) must be quite small. Hence. the dynamic contact stress p(r. tl in
(32) can be approximated by the first term which is precisely the value used in the Hertz
theory of impact [1 J.

The total impact force can be determined by integrating (32) over r. Thus,

taUI

P(t) = 2n, plr, tlr dr
·0

8fl Ju3 L ~a(C) [U(tlki(td Q(t 2)Li(t2)] " J
= - (1 - v)R r3 - 2(l-=-~) J) h+ (i(t 1) - h+ iiU 2) "d" j"

Equations (32) and (33) require the determinations of a(t I) and a(t2)' These values are
determined if the Rayleigh wave front exceeds the contact circle. For extremely small r.
the normal stress and total force can be obtained from (1) for large values of p. Indeed.
(1) can be written for large p as

I . I

U;'(r.pl = ----J sp*Jo(sr)ds.
pcIp 0

The inversion is

1" J.e
, S pIs. r) dLlo(sr) ds

pc 1 • <) 0

For small t. :l(tl is equal to Vt. Differentiating the above equation with respect to t gives

p(r, r) = -(lC I r for r ::;: a(t} and r > O.

Integrating over the area of contact gives

P(r) = .' f}"! ~.'lIrJ
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(35)
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where the contact area A = na 2
. The above simple expression is the same as that obtained

by Thompson and Robinson [16].

3. RADIAL SURFACE STRESS

The tensile radial surface stress, which is the critical stress in the study of fractures in
Ref. [2J, can also be calculated from the solutions for three-dimensional equations of motion.
From the results obtained by Tsai [5J, the Laplace transform of the vertical and radial
displacements can be written as

__1 foc p*sQ:[(q + 2s2
) e -.= - 2s2 e- Ii=J]o(sr) ds

u* =
J1 0 (q+2S2)2_4s2Q:f3

and

u* = -~foc p*s2[(k~+2s2)e-'=-2Q:f3e-lizJ]t(sr)ds

r J1 0 (q + 2S2 )2 - 4s2 rt.f3 .

where Q: = (S2 +ki)"! and f3 = (S2 +q)-!.
In terms ofthe above displacements, the transform ofthe radial stress on the free surface

can be written as

(36)

(37)

where

_ k2(2s 2 +q)
F - -::-:;---"-~.,.----~.------::

- (2s2+ k~)2 -4s2Q:/f

The above F can be considered as a transform function, and its inversion can be obtained
by integrating along the contour shown in Fig. 1. Similar to (9). the result is

1 fb+iOC
{(so n = -. F(s. p) ept dp = c2[2(l- v)H(t) + [cos(sbt)J,

2m b- ioc
(38)

(39)
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Dividing equation (36) by k2 and using (38), the inversion of (36) is

S' 1 f'f'= p(r. I) dI - (I - 2v) 2 p(ie, I)I. die dI
oro 0

where

-ftf" Jt(sr)Qt(t, r) = L cos[sb(t- I)]p(S, r)--ds dI
o 0 r

and

I -frf"Q2(t,r) = --L cos[Sb(t-I)]p(S, I)sJo(sr)dsdr.
I-v 0 <)

Applying Abel's transform to (42) gives

0- ( ) - fX ~Q2(t, <,~) d~ _ 1 ft f'"
1 t. x - - 0 0 pIs. r}l< sin sEx + hIt I)]

-~ 0 (x 2 -e)! I-v _\

+ sinsfx-b(t-r)lids = ._.-I_I(t,X),
, , 2(1 - vI

where

-f'JQ(r) . . -{ H[lr+b(t-r)I-A] H[lr-hU-r)j-;.] }
let r) = L peA riA dl. ... +-.------.---- dr• ,. • r [ b )J" 2 \ .. I C h J" 211 .001 r+ (t-I ~-I. J' ,Lr- it-r)~-I. i.

If Abel's transform and its inversion are successively carried out over (40), it becomes

f' f' I ,., .,
(1,,(r. r) d! = p(r. r) dr - (I - 2V)2 j J pIA, riA d;, d!

o 0 roo

1 1 (~j" xl(t, x) dx
-Ql(t.r)+ - ~ .

1- \' rel' cr <) -

If the identity

(~ r' J dsml m.) dm .::;- ----,.--,-:;: = r slll(sr)
cr ~ 0 m (r--nr)'

is used. (41) gives

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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Then

fr d¢ a f~ m3f(t, m) dm n 2

o (r 2 - e)! a¢ 0 (r 2 _ m2 )! ="2 r f(t, r).

If the operations on the left side of (47) are applied to (45) which is then differentiated with
respect to time. the result is

where

1 fr oWO"rr(r, t) = p(r, t)-(l-2v), p(A, t)AdA--a '
r- 0 t

(48)

- 1 fr xI(t, x) dx 1 1 0 fr xI(t, x) dx
W = nr2 0 (r2- x2)! 1- v nr or 0 (r2_ x2)! . (49)

The first two terms on the right side of (48) are predicted in the Hertz impact theory. The
third term, which is new here, is due to wave effects.

The region of integration for the first term of (44) is outside the hatched area in Fig. 2;
that for the second term of (44) is outside the cross-hatched area. If the following wave func­
tions are introduced

_ 1

G1 = {[x-b(t-rW-i,2}!'

G - l_=-------oc----,-
2 - {[b(t-r)-xf-),2}!'

G = . 1
3 {[b(t-r)+x]2_),2}!'

(50)

(44) can be written

I(t, r) = L{fl fX-b(r-T) G1P(A, r)A dA dr
I-x/b 0

_ fl-X/bfNI-Tl-X G
2
p()"r)).dAdr- fl'fa(T) G

2
P(A,r)Ad),dr

II 0 0 0

+ Lf:(I-tl+xG3p(i"r)).dAdr+ {2rlT
)G3p()"r»),dAdr}. (51)

This equation is suitable for numerical integration; integration of (48) will be discussed in
the next section.

4. NUMERICAL INTEGRAnONS AND RESULTS

Both the normal contact stress p(r, t) and the surface radial stress O"rr(r, t) are written
in (32) and (48) respectively as the sums of the corresponding quantities predicted by the
Hertz theory and wave-effect integrals. The integrands of these integrals involve singularities
in either the upper or lower limits of integration. The difficulties of dealing with singular
integrands can be overcome by using the methods of product-integration [13,14]. Using
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this technique. two four-point integration formulae needed in equatIOns ~50) and 1:'11) an:
developed in Appendix A. Formula I is used in (32) while Formula II is used in 14X} h'r
integrations not involving singularities. common three-point or four-point methods arc
used. The differentiations in (48) and (49) are performed by the Lagrange method .1:'1'
Five points are calculated for each differentiation. and the point of differentiatIon needed
is an interior point of the interval over which the results are smooth.

The value of the surface radial stress CT,.[U(t). tJ along the circle of -.:ontact is calculated
for various values of maximum contact radius u and contact time T. as shown in Figs.'
(a and b). The curves show the ratio between the radial stress CT"LUlt). tJ obtained here b\
considering the wave effect and the corresponding value predicted by the Hertz theor).
which is the sum of the first two terms in (48). Figure 3(a) shows the ratio at I !/sec after
projectiles first press the material; Fig. 3(b) shows the ratio during the middle of the impad.
t = Ti2. At t = I flsec the ratio increases rapidly with increasing a I and decreasing T. a,;
shown in Fig. 3(a). At t = Ti2. however. the curves in Fig. 3(b) show that the ratio decreases
if a I increases and T decreases. For relatively small a I and large T. both curves approach
unity where the Hertz theory applies.

The value of the dynamic normal contact stress plr. t) can be calculated from (321 for all
values of r inside the contact circle except for the point r = 0 By choosing a value of r
sufficiently close to zero and other values of r less than a(tl. the shape of p(r. tl is determined
by a computer. The integration of p(r. t) in (33) gives the value of the total dynamic for-.:e
Pit). The values of the ratio between PIt) predicted here and the corresponding value ob­
tained in the Hertz theory are calculated for various values of a t and T. The results tabulated
in Appendix B show there is only a very small difference between the present theon and

5---------

----------:----~-!----0

fIG. 3. Radial contact stresses <7,,[11(1). r] normailzed by the corresponding Hertz ,tresses 1/<7"rillfl. r

(all = III,ec.(bll = T 2.
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that of Hertz. A similar situation for p(r. t) is also indicated in the results obtained from
computations.

5. CONCLUSION

By using integral transforms to solve three-dimensional equations of motion and the
techniques used by Young and Linz [13. 14]. the normal contact stress and radial surface
stress caused by impact of an axisymmetric projectile on an elastic half-space can be written
as the sums of the corresponding Hertz contact stresses and wave-effect integrals. The singu­
lar integrands can be numerically integrated using the product-integration technique.
The contact stresses are calculated for various values of the contact time Tand the maximum
contact radius aI' The Hertz theory is a good approximation for determining the total force
produced by the projectile. However. in calculating the maximum radial surface stress when
the contact radius is maximum. the Hertz theory applies only for moderate impact velocities
where the contact time is more than approximately 40/lsec.

The discrepancy between the Hertz radial stress and the corresponding value obtained
here increases with decreasing contact time and increasing contact radius. The dis­
crepancy is larger at 1 /lsec after the projectile first presses the material than at the middle of
the contact time.
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Product-integration formulae

Formula I.

Y M. TSAI

APPENDIX A

r4f(~)1>(~,r)d~ = ~J(rJl+xzf(rt +~r)+x3f(rl +2~r)
'I

at 6 -11 6 -I fAt

~2 0 18 -15 3 !(2
-1- 6

-3:;(3 0 -9 12 fA3

:;(4 0 2 -3 fl.4

fl.3 = ~~2r41>(~,r)((-rYd¢ = 13 -2n t I2 +nil t
r 1
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Formula II.

J12

J13

0 18 -15 3_1
- 6

0 -9 12 -3

0 2 -3

nl = rl!~r. /1 4 = r4/~r.N = r/~r.

f4 .f(~)4J(r, ~) d~ = (Xt/(r l )+(X2!(r l +M)+ (X3!(r l +2M)
r,

+(Xd(r I + 3M), 4J(r, ~) = ( 2 1 -2).. ,
r -~ -

6 -11 6-1

J
r4

J1l = 4J(r, ~) d~ = 1I

rJ

1 Jr 4

J12 = ~ 4J(r.()(~-rl)d~ = 12-n 111
r r,
1 Jr 4

J13 = -2 4J(r,~)(~-rl)2d~= 13-2n I 12+ni1 1
~r r,

J14 = ~~3 L4 4J(r,W~-rl)3d~ = 14-3n113+3ni12-nfil

1I = sin - 1 ( ~) - sin - 1 (~ )

12 = (N 2 -ni)!-(N2-n4)!

13 = 1{[nl(N2-ni)!-n4(N2-n~)!J+N2/1}

14 = ~[(ni +2N2)(N2- ni)! - (n~ +2N2)(N2- ni)!J

APPENDIX B

TABLE 1. VALUE OF DYNAMICALLY APPLIED FORCES P(tl NORMALIZED BY THE

CORRESPONDING HERTZ FORCE PH(t). i.e. P(t)/PH(t)

~ 0·02 0·04 0·06 0·08 0·10 0·]2

t

T
(J.lsec) ] J.lsec TI2 ] J.lsec Tj2 ] J.lsec TI2 ] J.lsec TI2 ] J.lsec TI2 ] J.lsec TI2

10 1·000 ]·000 1·000 ]·003 ]·000 ]·007 0·998 1·012 0·995 ]·018 0·99] 1·025
40 ]·000 1·000 1·000 1·000 1·000 1·000 ]·000 ]·000 0·999 ]·001 0·998 ]·002

200 1·000 ]·000 ]·000 i·OOO ]·000 }·OOO ]·000 ]·000 1·000 ]·000 ]·roo ]·000

(Received 14 January 1970; revised 5 August ]970)
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A6cTpaKT-Pewall TpeXMepHble ypaBHeHHII JBHlKeHHlI, nO.ly'lak.HCII JHHaMHYOCKHe KOHraKTHble Hanp­

lIlKeHHllMelKllY OCeCHMMeTpH'leCKHM CHapll,llOM 11 ynpyrH.M nO;lynpocTpaHCTBOM. ')Tll HanpHlKeHWl

larrHCblBalOTCII B BHne CyMMbl KOHTaKTHblX '1arrplllKeHHH fepua H HHTerpanOB BOJlHOBOrOJ¢!jJeKTa.

nOKa1aHO, 'lTO B BblpalKeHl1l1X ;Vlll paLIHyca KOHTaKTa. reapHII fepua IIBJllleTCII Han.le;KalllHM

npl16J1l1lKeHHeM nJlIl onpeneJleHl111 nOJlHOH npHJlOlKeHHOH CH,lbl. OilHaKO .1J111 paC'lera \1aKCIIMa:lbHOI ()

panHaJIbHOrO nOBepXHOCTHoro HanplllKeHHjj, npH \1aKCHMa,lbHO\1 paLlHyce KOHTaKTa, reopllll fepua

npHMeHlIeTCII TOJlbKO rorna. Korua llJlHTe.lbHOCTb KOHTaKTa 60.lbWe 'leM npH6.1H1IlTe.lbHO ~O /-LCeK.

PaCXOlKileHHe MelKUY paill.fKnbHblM HarrplllKeHHeM fepua H COOTBeTCTBYIOI.UHM 1Ha'leHlle~1. nOJI)'leHHbl\1

B uaHHOH pa60Te, OKa1blBaeTClI 60JlbWHM B Ha'la,lbHO~l CTailHH ynapa, 'leM B Cepe.'lHHHO\l BpeMeHH

KOHTaKTa,


